NONRIGID SPHERICAL 
REAL ANALYTIC HYPERSURFACES IN 



JOEL MERKER 

Abstract. A Levi nondegenerate real analytic hypersurface M of rep- 
resented in local coordinates (z, w) e by a complex defining equation of 
the form w = Q{z,'z,w) which satisfies an appropriate reality condition, is 
spherical if and only if its complex graphing function 6 satisfies an explic- 
itly written sixth-order polynomial complex partial differential equation. In 
the rigid case (known before), this system simplifies considerably, but in the 
general nonrigid case, its combinatorial complexity shows well why the two 
fundamental curvature tensors constructed by Elie Cartan in 1932 in his clas- 
sification of hypersurfaces have, since then, never been reached in parametric 
representation. 
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§1. Introduction 

A real analytic hypersurface M in is called spherical at one of its points p if 
there exists a nonempty open neighborhood Up of p in such that M fl Up is bi- 
holomorphic to a piece of the unit sphere = \^{z,w): Iz]"^ + \w\'^ = l}. When 
M is connected, sphericality at one point is known to propagate all over M, for 
it is equivalent to the vanishing of two certain real analytic curvature tensors that 
were constructed by Elie Cartan in |[3l. However, the intrinsic computational 
complexity, in the Cauchy-Riemann (CR for short) context, of Elie Cartan's al- 
gorithm to derive an absolute parallelism on some suitable eight-dimensional 
principal bundle ^ — t- M prevents from controlling explicitly all the appear- 
ing differential forms. As a matter of fact, the effective computation, in terms 
of a defining equation for M, of the two fundamental differential invariants the 
vanishing of which characterizes sphericality, appears nowhere in the literature 
(see e.g. Il23l |51 |9l and the references therein as well), except notably when 
one makes the assumption that, in some suitable local holomorphic coordinates 
{z, w) = {x + iy, u + iv) vanishing at the point p, the defining equation is of 
the so-called rigid form u = ip{x, y) with the variable v missing, or even of the 
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so-called (simpler) tube form u = f{x), with the two variables y and v missing, 
see im which showed recently a renewed interest, in CR geometry, for explicit 
characterizations of sphericality. But in general, a real analytic hypersurface 
M C is represented at p by a real equation u = tp{x, y, v) whose graph- 
ing function ip depends entirely arbitrarily upon v also, and then apparently, the 
characterization of sphericality is still unknown. 

On the other hand, in the studies ([Bl [HI [Bl [I6l [13 devoted to the CR 
reflection principle, it was emphasized that all the adequate invariants of CR 
mappings between CR manifolds: Pair of Segre foliations, Segre chains. Com- 
plexified CR orbits. Jets of complexified Segre varietes. Rigidity of formal CR 
mappings, Nondegeneracy conditions, CR-reSection functiorQ, can be viewed 
correctly only when M is represented by a so-called complex defining equation 
of the form: 

w = Q[z,z,w), 

where the function G C{z,z,w^, vanishing at the origin, is the 
unique function obtained by solving with respect to w the equation: 
H±H = (p^s±E^ ■^^); then the fact that Lp was real is reflected, in 
terms of this new function Q{z,z,w), by the constraint that, together with its 
complex conjugate 6 (2, 1, , it satisfies the functional equatioqj: 

w = Q[z, z, Q{z, z,w)) . 

Accordingly, the author suspected since a few years — cf. the Open Ques- 
tion 2.35 in fi20il — that sphericality of M at p should and could be expressed 
adequately in terms of 9. The classical assumption that M be Levi nondegen- 
erate at the point p {see e.g. (9)) — which is the origin of our present system 
of coordinates {z, w) — may then be expressed here {cf. |[T6l[T7l ') by requiring 
that Qz^zw — 0«70z2 does not vanish at the origin. In particular, this guarantees 
that the following explicit rational expression whose numerator is a polynomial 
in the fourth-order jet J^-—Q, is well defined and analytic in some sufficiently 
small neighborhood of the origin: 



A/(e) 



26, 



^zw 



w ^zww 



^ zw 



e 



z ^ zw 

W 



29^9^ 



9, 
9,- 



zzw 

^ zw 
^ zTTn 



9, 
9,. 



9j, 
9.5 



9.- 



9^ 

9.- 



For a presentation of these concepts, the reader is referred to the extensive introductions 
of IfTSl [TTI and also to ||20l for more about why deaUng only with complex defining equations 
is natural and unavoidable when one wants to insert CR geometry in the wider universe of com- 
pletely integrable systems of real or complex analytic partial differential equations. 

More will be said shortly in Section 2 below. 
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We hope, then, that the following precise statement will fill a gap in our under- 
standing of the vanishing of CR curvature tensors. 

Main (and unique) theorem. An arbitrary, not necessarily rigid, real analytic 
hypersurface M d £? which is Levi nondegenerate at one of its points p and has 
a complex definining equation of the form: 

w = Q(^z, z, w) 

in some system of local holomorphic coordinates {z,w) G centered at p, 
is spherical at p if and only if its graphing complex function G satisfies the 
following explicit sixth-order algebraic partial differential equation: 



Qz^zw - ©«r©22 &Z Qz^zw - QwQzz dw^ 

identically m C{ z, IF}. 

Here, it is understood that the first-order derivation in parentheses is applied 
twice to the fourth-order rational differential expression AJ^(0). The factor 
,p, p, ^o, n 17 then appears, and after clearing out this denominator, one ob- 

tains a universal polynomial differential expression AJ^(0) depending upon the 
sixth-order jet J^-—Q and having integer coefficients. A partial expansion is 
provided in Section 5, and the already formidable incompressible length of this 
expansion perhaps explains the reason why no reference in the literature provides 
the explicit expressions, in terms of some defining function for M, of Elie Car- 
tan's two fundamental differential invariant^ which can (in principle) be used to 
classify real analytic hypersurfaces of up to biholomorphisms, and to at least 
characterize sphericality. 

Suppose in particular for instance that M is rigid, given by a complex equation 
of the form w = —w + E(z, z), that is to say with 6(2;, z, w) of the form —w + 
E{z, z), so that the reality condition simply reads here: E{z, z) = E{z, z). Then 
as a corollary-exercise, sphericality is explicitly characterized by a much simpler 
partial differential equation that we can write down in expanded form: 



\^^zz) i^^zz) {p'zz) i^^zz) 

(y^z'z) (^^zt) (^^zt) 

and this equation should of course hold identically in Cjz, z}. 

Now, here is a summarized description of our arguments of proof. Beniamino 
Segre ( [|24ll ) in 1931 and in fact much earlier Sophus Lie himself in the 1880's 
{see e.g. Chapter 10 of Volume I of the Theorie der Transformations gruppen ^) 



^ See lO and also ||231 . where the tight analogy with second-order ordinary differential equa- 
tions is well explained. 
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showed how to elementarily associate a unique second-order ordinary differen- 
tial equation: 

w^;,{z) = ^{z, w{z), W;,{z)) 
to the Levi nondegenerate equation w = Q{z, z,w) hy eliminating the two 
variables z and w, viewed as parameters, from the two equations w = Q and 
Wz = ©2- We check in great details the semi-known result that M is spher- 
ical at the origin if and only if its associated differential equation is equiva- 
lent, under some appropriate local holomorphic point transformation {z, w) i — )■ 
{z',w') = [z'{z,w),w'{z,w)) fixing the origin, to the simplest possible equation 
w'^,^,{z') = having null right-hand side, whose obvious solutions are just the 
affine complex lines. But since the doctoral dissertation of Arthur Tresse (de- 
fended in 1895 under the direction of Lie in Leipzig), it is known that, attached 
to any such differential equation are two explicit differential invariants: 

1"*^ ■= ^w^^wzw^wz and: 

|2 := DD($^^^J -$^^D($^^^J -4D($^^J + 

+ 6 ^u,w - 3 $^ + 4 <l>^, (^u,w. , 

where D -.=8^ + w^du, + ^{z, w, w^) d^^ , 

depending both upon the fourth-order jet of $, which, together with all their co- 
variant differentiations, enable one (in principle0) to completely determine when 
two arbitrarily given differential equations are equivalent one to anothei0. A 
very well-known application is: the vanishing of both 1^ and P characterizes 
equivalence to 'w'^,.j{z') = 0. So in order to characterize sphericality, one only 
has to reexpress the vanishing of 1^ and of P in terms of the complex defining 
function Q{z,'z,w). For this, we apply the techniques of computational differ- 
ential algebra developed in Il20l which enable us here to explicitly execute the 
two-ways transfer between algebraic expressions in the jet of $ and algebraic 
expressions in the jet of 9. It then turns out that the two equations which one 
obtains by transferring to O the vanishing of 1^ and of P are conjugate one to 
another, so that a single equation suffices, and it is precisely the one enunciated 
in the theorem. In fact, this coincidence is caused by the famous projective du- 
ality, explained e.g. by Lie and Scheffers in Chapter 10 of [[T2]| and restituted 
in modern language in [|T1 [51. It is indeed well known that to any second-order 
ordinary differential equation (<f): yxx{x) = F{x,y{x),yx{x)) is canonically 

^ To our knowledge, the only existing reference where this strategy is seriously endeavoured 
in order to classify second-order ordinary differential equations yxx{x) = F[x,y{x),yx{x)) 
is in, but only for certain point transformations — called there "fiber-preserwing" — of the 
special form {x, y) n- {x' , y') = {x' [x), y'{x, y)), the first component of which is independent 
ofy. 

^ Three decades earlier, Christoffel in his famous memoir H of 1869 devoted to the equiva- 
lence problem for Riemannian metrics discovered that the covariant differentiations of the cur- 
vature provide a full list of differential invariants for positive definite quadratic infinitesimal 
metrics. 
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associated a certain dual second-order ordinary differential equation, call it (S"*): 
baaia) = F* (a, ba{a), baa{a)) , which has the crucial property that: 

is a nonzero multiple of l(^*) 
and symmetrically also: l^^^ is a nonzero multiple of \\g*y 

The doctoral dissertation ifTOl of Koppisch (Leipzig 1905) cited only passim by 
Elie Cartan in |l2l contains the analytical details of this correspondence, which 
was well reconstituted recently in [[5]| within the context of projective Cartan 
connections. But the differential equation which is dual to the one Wzz{z) = 
^[z, w{z), Wz{z)) associated to w = Q{z,z,w) is easily seen to be just its 
complex conjugate ((o): W^(z) = w(z), HJ^), and then as a consequence, 
'(#) ^ '(f^) '•^^ conjugate of l^^-,, and similarly also 1^^^ = 1^^^ is the conjugate 
of So it is no mystery that, as said, the sphericality of M at the origin: 

= and = 1^^) = nonzero ■ = nonzero ■ 1^^^, 

can in a simpler way be characterized by the vanishing of the two mutually con- 
jugate (complex) equations: 

= i;^) and = lj~, 

which of course amount to just one (complex) equation. 

To conclude this introduction, we would like to mention firstly that none of our 
computations — especially in Sections 4 and 5 — was performed with the help 
of any computer, and secondly that the effective characterization of sphericality 
in higher complex dimension n ^ 3 will appear soon [|22l . 

§2. SEGRE VARIETIES AND DIEEERENTIAL EQUATIONS 

Real analytic hypersurfaces in C^. Let us consider an arbitrary real analytic 
hypersurface M in and let us localize it around one of its points, say p E M. 
Then there exist complex affine coordinates: 

{z, w) = (^x + iy, u + iv) 

vanishing at p in which TpM = {u = 0}, so that M is represented in a neigh- 
borhood of p by a graphed defining equation of the form: 

u = ^{x,y,v), 

where the real- valued function: 

V? = ^{x, y,v)= ^ ipk,i,m x'^y^v"' e R{x, y, u} , 

fe,!,mGN 

which possesses entirely arbitrary real coefficients (pk,i,m, vanishes at the ori- 
gin: 95(0) = 0, together with all its first order derivatives: = dx(p{0) = 
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dyLp{0) = 9t,(/?(0). All studies in the analytic reflection principle^ show with- 
out doubt that the adequate geometric concepts: Pair of Segre foliations, Segre 
chains. Complexified CR orbits. Jets of complexified Segre varietes. Rigidity of 
formal CR mappings, Nondegeneracy conditions, CR-reflection function, can be 
viewed correctly only when M is represented by a so-called complex defining 
equation. Such an equation may be constructed by simply rewriting the initial 
real equation of M as: 

w+w / z+'z z—'z w—w \ 

2 ~ i^V 2 ' 2i ' 2j / ' 

and then by solving^ the so written equation with respect to w, which yields an 
equation of the shape|^: 

whose right-hand side converges of course near the origin (0,0,0)gCxCxC 
and has complex coefficients Qa,i3,'y £ C. The paradox that any such complex 
equation provides in fact two real defining equations for the real hypersurface M 
which is one-codimensional, and also in addition the fact that one could as well 
have chosen to solve the above equation with respect to w, instead of w, these two 
apparent "contradictions" are corrected by means of a fundamental, elementary 
statement that transfers to 6 (in a natural way) the condition of reality: 

k+l+m^l k+l+m^l 

enjoyed by the initial definining function (p. 

Theorem. (|19|, p. 1^ The complex analytic function = Q{z,z,W) with 
9 = —w + 0(2) together with its complex conjugatJ^- 

Q = Q[z,Z,w)= ^ Qa,l3,'yZ°' U)'^ ^ 'C{z, Z, w] 
a, 13, 7GN 

satisfy the two (equivalent by conjugation) functional equations: 

w = e{z,z,Q{z,z,w)), 
w = Q(^z, z, Q{z, z, w)) . 

^ The reader might for instance consult the survey lfT9ll . pp. 5^4 or the memoirs lfT6l Wf] , 
and look also at some of the concerned references therein. 

^ Thanks to dip{0) = 0, the holomorphic impUcit function theorem readily appUes. 

^ Notice that since dip{0) = 0, one has = —w + order 2 terms. 

^ Compared to |fT9l . we denote here by 8 the function denoted there by O. 

According to a general, common convention, given a power series ~ J2'yefi" 
t G C", $7 G C, one defines the series ^{t) X^^eN" *^7 conjugating only its complex 
coefficients. Then the complex conjugation operator distributes oneself simultaneously on func- 
tions and on variables: = $(f), a trivial property which is nonetheless frequently used in 
the formal CR reflection principle ( lfT6l[T7l ). 
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Conversely, given a local holomorphic function Q[z,'z,w) G C{z,2, w}, = 
— w + 0{2) which, in conjunction with its conjugate 9(z, z, w), satisfies this pair 
of equivalent identities, then the two zero-sets: 

{O = — ti7 + 9(2;, ^, ly) } and {0 = — To + 0(2, 2, zw)} 

coincide and define a local one-codimensional real analytic hypersurface M 
passing through the origin in C^. 

As before, let M be an arbitrary real analytic hypersurface passing through the 
origin in equipped with coordinates {z, w), and assume that TqM = {u = 0}. 
Without loss of generality, we can and we shall assume that the coordinates are 
chosen in such a way that a certain standard convenient normalization condition 
holds. 

Theorem. ( |fT6l , p. 12) There exists a local complex analytic change of holomor- 
phic coordinates h: {z,w) I — {z',w') = h{z,w) fixing the origin and tangent 
to the identity at the origin of the specific form: 

z' = z, w' = g{z,w), 

such that the image M' := h{M) has a new complex defining equation w' = 
Q' (^z' ,z' ,w') satisfying: 

e'{0,z',w') = Q'{z',0,w') = -w', 
or equivalently, which has a power series expansion of the form: 

^1 / I —I — /\ — I I \ ^ ^/ I \ ^ — n \ ^ r\l 101— I 

Q[Z,Z,W)=-W+ 2^ 0a,/3,o2 Z 2^ 0a,/3,7^ ^ • 

Levi nondegenerate hypersurfaces. Leaving aside the real defining equation 
of M, let us now rename the complex defining equation of M in such normal- 
ized coordinates simply as before: w = Q{z, z, w), dropping all the prime signs. 
Quite concretely, the real analytic hypersurface M is said to be Levi nonde- 
generate at the origin if the coefficient ©1,1,0 of zz, which may be checked to 
always be real because of the reality condition ([T]), is nonzero. In fact, it is well 
known that Levi nondegeneracy is a biholomorphically invariant property, see 
for instance [19], p. 158, but in more conceptual terms, the following general 
characterization, which may be taken as a definition here, holds true. One then 
readily checks that it is equivalent to ©1,1,0 7^ in normalized coordinates. 

Lemma. dHH [HI |20l|) The real analytic hypersurface M C with e M 
represented in coordinates {z, w) by a complex defining equation of the form 
w = Q{z,z,w) is Levi nondegenerate at the origin if and only if the map: 

{z,w) ^ {e{o,z,w), e,{o,z,w)) 

has nonvanishing 2x2 Jacobian determinant at IfJ) = (0, 0). 
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After a possible real dilation of the z-coordinate, we can therefore assume that 
©1,1,0 = and then we are provided with the following normalization: 

(2) w = —W + zz + zz 0(^\z\ + \w\) , 

that will be useful shortly. Another, even more convincing argument for consign- 
ing to oblivion the real defining equation u = Lp(x,y,v) dates back to Beniamino 
Segre [|24ll . who observed that to any real analytic M axe associated two deeply 
linked objects. 

1) The nowadays so-called Segre varietie^ Sq associated to any point q G 

near the origin of coordinates {zq,Wq) that are the complex curves 
defined by the equation: 

Sq ■■= {0 = - W + Q{z, Zq, Wq)}, 

quite appropriately in terms of the fundamental complex defining func- 
tion 0; this equation is holomorphic just because its antiholomorphic 
terms are set fixed. 

2) When M is Levi nondegenerate at the origin, a second-order complex 
ordinary differential equatior0 of the form: 

Wzz{z) = $(2, w{z), W^{z)), 

whose solutions are exactly the Segre varieties of M, parametrized by 
the two initial conditions w{0) and u!z{0) which correspond bijectively 
to the antiholomorphic variables Iq and Wq. 

In fact, the recipe for deriving the second-order differential equation associ- 
ated to a local Levi-nondegenerate M C with E M represented by a nor- 
malize(£l equation of the form Q is very simple. Considering that w = w{z) is 
given in the equation: 

w{z) = Q[z, z, 

as a function of z with two supplementary (antiholomorphic) parameters 1 and w 
that one would like to eliminate, we solve with respect to z and w, just by means 



A presentation of the general theory, valuable for generic CR manifolds of arbitrary codi- 
mension d ^ 1 and of arbitrary CR dimension m ^ 1 in C™+'^ enjoying no specific nondegen- 

eracy condition, may be found in lfT6l [TTl [T9l . 

1 7 

This idea, usually attributed by contemporary CR geometers to B. Segre, dates in fact back 

(at least) to Chapter 10 of Volume 1 of the 2 100 pages long Theorie der Transformationsgruppen 

written by Sophus Lie and Friedrich Engel between 1884 and 1893, where it is even presented in 

the uppermost general context. 
1 

In fact, such a normalization was made in advance just in order to make things concrete 
and clear, but thanks to what the Lemma on p.|7]expresses in a biholomorphically invariant way, 
everything which follows next holds in an arbitrary system of coordinates. 



of the implicit function theorem0, the pair of equations: 

w{z) = Q[z, z, w) = —w + zz + zzO(^\z\ + \ w\) 
Wz{z) = Qz{z, z, w) = z + zO[\z\ + \w\) 

the second one being obtained by differentiating the first one with respect to z, 
and this yields a representation: 

z = C{z, w{z), Wz{z)) and w = ^{z, w{z), Wz{z)) 

for certain two uniquely defined local complex analytic functions ((z,w,Wz) 
and ^{z,w,Wz) of three complex variables. By means of these functions, we 
may then replace z and w in the second derivative: 

= Qzziz, C{z, W{z), Wziz)), ^{z, W{z), Wziz))) 

=: $(2;, w{z), Wziz)), 

and this defines without ambiguity the associated differential equation. More 
about differential equations will be said in §3 below. 

Of course, any spherical real analytic M C must be Levi nondegenerate 
at every point, for the unit 3-sphere C is. It is well known that minus 
one of its points, for instance: \ {poo} with := (0, —1), is biholomorphic, 
through the so-called Cayley transform: 

M ^ (1^' M^) =■ i^'^^') having inverse: iz',w') ^ ^) 
to the so-called Heisenberg sphere of equation: 

w' = —w' + z'z', 

in the target coordinates (z', w'), and this model will be more convenient to deal 
with for our purposes. 

Proposition. A Levi nondegenerate local real analytic hypersurface M in 
is locally biholomorphic to a piece of the Heisenberg sphere (hence spherical) 
if and only if its associated second-order ordinary complex differential equation 
is locally equivalent to the Newtonian free particle equation: w'^,^, = 0, with 
identically vanishing right-hand side. 

Proof. Indeed, any local equivalence of M to the Heisenberg sphere transforms 
its differential equation to the one associated with the Heisenberg sphere, and 
then trivially: w'^,{z') = l' , whence w'^,^,{z') = 0. 



Justification: by our preliminary normalization, the 2x2 Jacobian determinant 



computed at the origin equals 



d{z, w) 

^ hence is nonzero. Without the preliminary normaliza- 



1 

tion, the condition of the Lemma on p. [T] also applies in any case 
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Conversely, if the Segre varieties of M are mapped to the solutions of 
'w'^,^t{z') = 0, namely to the complex affine lines of C^, the complex defining 
equation of the transformed M' must necessarily be affine: 

(3) w' = X'{z', w') + z'j['{z', w') =: Q'{z',z',w'), 

with certain coefficients that are holomorphic with respect to {z',W'). Then 
A (0) = since the origin is fixed, and if 77'(0) is nonzero, one performs the linear 
transformation z' H- z', w' ^ w' — Jl'iO) z', which stabilizes both w'^,^,{z') = 
and the form of ([3]), to insure then that 7^'(0) = 0. 
Next, the second reality condition ([T]) now reads: 

w' = x' {z', e' {z', z', w') ) + z'-p' {z', e' {z', z', w') ) , 

and by differentiating it with respect to z', we get, without writing the arguments 
for brevity: 

= X' + ©i' aJjj' + z' %, + z' e^, 

= %, + /i' t^, + z' %, + z' fl' Ji!^, , 

where we replace in the second line by its value ^i'{z', w'). But with all the 
arguments, this identity reads in full length as the following identity holding in 

C{z',z',w'}: 

- %,{z', Q'{z',z',w')) - z'%\z\ Q'{z\z\w')) ^ 

^ f,'{z', w') {z', e' {z', z', w') ) + z' fi\z', w') 74, {z\ Q' [z', z\ w') ) . 

For convenience, it is better to take {z',z',w') as arguments of this identity in- 
stead of z', w'), so we simply replace w' in it by: 

Q'{z',z',w'), 

we apply the first reality condition © and we get what we wanted to pursue the 
reasonings: 

— X^i{z',w') — z' Jl'-^i {z' ,w') = fi'(z', X {l' ,w') + z' ]i{'z' ,w'))- 

(4) r_, n 

■ >^w'{z',w') + z' fiL>{z',w') , 

i.e. an identity holding now in C{z' ,z' ,w'Y The left-hand side being affine 
with respect to z', the same must be true of each one of the two factors of the 
right-hand side. In particular, the second order derivative of the first factor with 
respect to z' must vanish identically: 

= d,,d,>{fi'{z',X' + z''il^)} 
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Because M' is Levi nondegenerate at the origin, the lemma on p.|7]together with 
the affine form ([3]) of the defining equation entails that the map: 

(5) {z\w')^{t{z\w'), Ji'(z',w')) 

has nonvanishing Jacobian determinant at (^', W') = (0, 0). Consequently, in the 
above identity (rewritten with some of the arguments): 

= fi',,,, {z', X' + z' Jl') +2J1' fi',,^, {z', X' + z' Jl') + -p'-p' fi'^,^, {z', X! + z' Jl') , 

we can consider z', x' and Jl' as being just three independent variables. Setting 
Jl' = 0, we get = fJ-'^'z'i^'^ )> that is to say: fi^'z'iz', w') = and then after 
division of /I', we are left with only two terms: 

= 2 [z, X' + z' Jl') + Jl' fi'^,^, {z', X' + z' Jl') . 

Then again = 2 fi^'w'iz' ,w') and finally also = fiu)'w'iz' ,w'). This means 
that the function: 

// / i\ 11,11 

11 [Z ,W ) = C^Z + C^VJ , 

with some two constants c'^ , E C, is linear. 

Now, we claim that = in fact. Indeed, setting = in dH), we get: 

- %, (0, w') - z! c'l = z! + 4 (a'(0, w') + z't^w') } ■ + ^'4] . 

The coefficient d^^'2 of {z'^w' in the right-hand side must vanish, so = 0. 
Since the rank at the origin of the map ([5]) equals 2, necessarily ji' ^ 0, so 
c'^ 7^ 0, and then c'^ = 1 after a suitable dilation of the z'-axis. Next, rewriting 
the identity ©: 

-X,{z',W')-z'^z'[J!^,{z',w')], 
we finally get A^/ = and A^/ = — 1, which means in conclusion that: 

X'{z' ,w') ^ — w' and fi' {z , w') = z' , 

so that the equation of M' is the one: w' = —W + z'z' of the Heisenberg sphere 
in the target coordinates {z' , w'). □ 

Thanks to this proposition, in order to characterize the sphericality of a local 
real analytic hypersurface M C explicitly in terms of its complex defining 
function 9, our strategjQ will be to: 

□ characterize the local equivalence to w'^,^,{z') = of the associated differ- 
ential equation: 

(6) Wzz{z) = Qzz{z, C(^, w{z), Wz{z)), i{z, w{z), Wz{z))), 
explicitly in terms of the three functions Q^^, ( and ^; 

□ eliminate any occurence of the two auxiliary functions ( and ^ so as to 
re-express the obtained result only in terms of the sixth-order jet J|__6. 

— indicated already as the accessible Open Question 2.35 in ||20ll — 
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§3. Geometry of associated submanifolds of solutions 

The characterization we will obtain holds in fact inside a broader context than 
just CR geometry, in terms of what we called in ||20l the submanifold of solutions 
associated to any second-order ordinary differential equation, no matter whether 
it comes or not from a Levi nondegenerate M C C^. In fact, the elementary 
foundations towards a general theory embracing all systems of completely inte- 
grable partial differential equations was laid down EOl . especially by producing 
explicit prolongation formulas for infinitesimal Lie symmetries, with many inter- 
esting problems that are still wide open as soon as the number of (independent or 
dependent) variables increases: construction of Cartan connections; production 
of differential invariants; full classification according to the Lie symmetry group. 

Fortunately for our present purposes here, the geometry, the classification, 
and the Lie transformation group features of second order ordinary differential 
equations are essentially completely understood since the groundbreaking works 
of Lie ffm . followed by a prized thesis by Tresse |[25ll and later by a celebrated 
memoir of Elie Cartan, see also Q and the references therein. 

Accordingly, letting x G K and y G K be two real or complex variables (with 
hence IK = M or C throughout), consider any second-order ordinary differential 
equation: 

having local K-analytic right-hand side F, and denote it by ((f) for short. In the 
space of first-order jets of arbitrary graphing functions y = y{x) that we equip 
with three independent coordinates denoted (x, y, yx), let us introduce the vector 
field: 

^ d d ^. . d 

■= Tr + yxTr + F{x, y, y^) 



OX oy oyx 

whose integral curves inside the three-dimensional space (x, y, yx) correspond, 
classically, to solving the equation yxx{x) = F{x, y{x), yx{x)) by transforming 
it into a system of two first-order differential equations with the two unknown 
functions y{x) and yxix). 

Theorem. ( ifTTl l25l |2l U\ UHl) A second-order ordinary differential equation 
yxx = F{x, y, yx) denoted {S) with K-analytic right-hand side possesses two 
fundamental differential invariants, namely: 

'(#) Fy^y^y^y^ and.' 

:= DD(F,,,J - Fy^ D(F,,,J - 4 D(F,,J + 
-T yj ± yy ^ ^ y ^ VxVx ^ ^ yx ^ yyxi 

while all other differential invariants are deduced from \]^^^ and 1^^^ by covari- 
ant (in the sense of Tresse) or coframe (in the sense of Cartan) diffentiations. 
Moreover, local equivalence to y'x'x'i.^') = holds under some invertible local 
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K-analytic point transformation: 

{x,y) I — > ix',y') = {x'{x,y), y\x,y)) 
if and only if both invariants vanish: 

= '(#) = ^Is)- 

In order to characterize sphericality of an M C C^, it is then natural and 
advisable to study what the vanishing of the above two differential invariants 
gives when applied to the second order ordinary differential equation ^ enjoyed 
by the defining function 6. This goal will be pursued in §4 below. 

For the time being, with the aim of extending such a kind of characterization 
to a broader scope, following §2 of [20|, let us now recall how one may in a 
natural way construct a sumanifold of solutions associated to the differen- 
tial equation (tf ) which, when (c?) comes from a Levi nondegenerate local real 
analytic hypersurface M C C^, regives without any modification its complex 
defining equation w = Q[z,z,w). 

To begin with, in the first-order jet space {x, y, y^) that we simply draw as a 
common three-dimensional space: 




we duplicate the two dependent coordinates {y,yx) by introducing a new sub- 
space of coordinates (a, h) e K x K, and we draw a vertical plane containing 
the two new axes that are just parallel copies (for the moment, just look at the 
left-hand side). Then the leaves of the local foliation associated to the integral 
curves of the vector field D are uniquely determined by their intersection with 
this plane, because thanks to the presence of ^ in D, all these curves are ap- 
proximately directed by the x-axis in a neighborhood of the origin: no tangent 
vector can be vertical. But we claim that all such intersection points of coordi- 
nates (0, 6, a) G IK X IK X K correspond bijectively to the two initial conditions 
?/(0) = h and yx{^) = a for solving uniquely the differential equation. In fact, 
the flow of D at time x starting from all such points (0, 6, a) of the duplicated 
vertical plane: 

exp(x D)(0, &, a) =: (x, Q{x,a,b), S{x,a,b)) 
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{see again the diagram) expresses itself in terms of two certain local K-analytic 
functions Q and S that satisfy, by the very definition of the flow of our vector 
field dx + Dxdy + F dy^, the following two differential equations: 

—Q{x,a,b)=S{x,a,b) and: —S{x,a,b) = F(x,Q{x,a,b),S{x,a,b)) 
ax ax 

together with the (obious) initial condition for z = 0: 

(0,6, a) =exp(0D)(0,6,a) = (O, Q(0,a,6), S{0,a,b)). 

We notice passim that S = (no two symbols were in fact needed), and 
most importantly, we emphasize that in this way, we have viewed in a some- 
what geometric-minded way of thinking that the general solution: 

y = yix) = Q{x, VxiO), 2/(0)) = Q{x, a, b) 

to the original differential equation arises naturally as the first (amongst two) 
graphing function for the integral curves of D in the first order jet space, these 
curves being parametrized by (a, 6). 

Definition. The sumanifold of solution^ ^(^s^) associated with the second-order 
ordinary differential equation {<§): yxxix) = F{x, y{x), yxix)) is the local K- 
analytic submanifold of the four-dimensional Euclidean space Ka, x Kj, x x 
represented as the zero-set: 

= -y + Qix,a,b), 

where Q{x, a, b) is the general local K-analytic solution of (<f), satisfying there- 
fore: 

Qxx{x,a,b) = F(x, Q{x,a,b), Qxix,a,b)), 
and (5(0, a, b) = b, QxiO, a, b) = a. 

Conversely, let us assume we are given a submanifold ^ of K^; x Kj^ x x K;, 
of the specific equation y = Q{x, a, b), for a certain local K-analytic function Q 
of the three variables (x, a, 6). Call {x,y) the variables, {a,b) the parameters, 
and call ^ solvable with respect to the parameters (at the origin) if the map: 

(a, 6) ^ (Q(0,a,6), Q,.(0,a,6)) 

has rank two at the central point (a, b) = (0, 0). Of course, the submanifold of so- 
lutions associated to any second-order ordinary differential equation is solvable 
with respect to parameters, for in this case Q{0, a,b) = b and Qx{0, a, b) = a. 

Similarly as what we did for deriving 2) on p. [81 if an arbitrarily given sub- 
manifold ^ of X X Ka X is assumed to be solvable with respect to 



At this point, the reader is referred to ll20l for more about how one can develope the whole 
theory of Lie symmetries of partial differential equations intrinsically within submanifolds of 
solutions only; the theory of Cartan connections associated to certain exterior differential systems 
could (and should also) be transferred to submanifolds of solutions. 
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parameters, then viewing y iny = Q{x, a, h) as a parametrized function of x, the 
implicit function theorem enables one to solve (a, b) in the two equations: 

y{x) = Q{x, a, h) 
_yx{x) = Qx{x,a,b), 

to yield both a representation for a and and a representation for b of the form: 

a = A(x,y{x),y-,{x)) 
[ b = B{x,y{x),yx{x)), 

for certain two local K-analytic functions A and B of three independent variables 
(x, y, yx), that one may insert afterwards in the second order derivative: 

yxxix) = Qxx{x,a,b) 

= Qxx{x, A{x,y{x),yxix)), B{x,y{x),yx{x))) 
=: F{x, y{x), y^ix)), 

which yields the differential equation (S'^g-) associated to the submanifold ^ 
solvable with respect to the parameters. In summary: 
Proposition. ( Il20l ) There is a one-to-one correspondence: 

between second-order ordinary differential equations of the general form: 

yxx{x) = F{x, y{x), yxix)) 
and submanifolds (of solutions) ^ of equation: 

y = Q{x,a,b) 

that are solvable with respect to the parameters, and this correspondence satis- 
fies: 

We now claim that solvability with respect to the parameters is an invariant 
condition, independently of the choice of coordinates. Indeed, let y = Q{x, a, b) 
be any submanifold of solutions, call it and let: 

{x,y,a,b) I — > {x'{x,y), y'{x,y), a, b) 

be an arbitrary local K-analytic diffeomorphism fixing the origin which leaves 
untouched the parameters. The vector of coordinates (l, Qx{x, a, b), 0, O) based 
at the point (x, Q{x, a, b), a, b) of ^ is sent, through such a diffeomorphism, to 
a vector whose x'-coordinate equals: ^ [x'(x, Q)~\ = x'^ + Qx x'y. Therefore the 
implicit function theorem insures that, provided the expression: 

x'x{x, y) + Qx{x, a, b) x'Jx, y) ^ 
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does not vanish, the image of M through such a diffeomorphism can still be 
represented, locally in a neighborhood of the origin, as a graph of a similar form: 

y' = Q'{x', a, b), 

for a certain local K-analytic new function Q' = Q'{x', a, b). Since ^ : y = 
Q{x,a,b) is sent to : y' = Q'{x',a,b), it follows that x'{x,y), y'{x,y), 
Q{x, a, b) and Q'{x', a, b) are all linked by the following fundamental identity: 

(8) y'[x, Q{x,a,b)) = Q'[x'{x, Q{x,a,b)), a,b), 

which holds in C{x, a, 6}. 

Claim. If^ is solvable with respect to the parameters (at the origin), then jM' 
is also solvable with respect to the parameters {at the origin too), and conversely. 

Proof. The assumption that M is solvable with respect to the parameters is 
equivalent to the fact that its first order a;-jet map: 

(x, a, b) I — > (x, Q{x,a,b), Q^^x.a^b))) 

is (locally) of rank three. One should therefore look at the same first order jet 
map attached to , represented in the right part of the following diagram: 

(x, a, b) *- {x'{x, Q{x, a, b)), a, fo) (x', a, b) 



(a;, Q{x,a,b), Qx{x,a,b)) — (x', Q'{x',a,b), Q'^,{x' , a,b)) [x' , Q'{x',a,b), Q'^,{x' ,a,b)) 

and ask how these two x- and x'-jet maps can be related to each other, namely 
search for a map: 

X?: (x, Q, Q,) ^ {x, Q', 

which would close up the diagram and make it commutative. 

The answer for the second component of the sought map is simply: 

X2: (x, Q, Q^) I — > y'{x, Q), 

since (9) indeed shows that composing the right vertical arrow with the upper 
horizontal one gives the same result, concerning a second component, as com- 
posing the bottom horizontal arrow with the left vertical one. 

The answer for the third component of the sought map then proceeds by dif- 
ferentiating with respect to x the fundamental identity (9), which yields, without 
writing the arguments: 

y'x ~^ Qxy'y = [x'x + Qx x'y\ Q'^, , 

and since x'^ + Qx x'y by assumption, it suffices to set: 

y'xi^,Q) + Qxyy{x,Q) 



X3: (x, Q, Qx) 



x'x{x,Q) + QxX'{x,Q)' 
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in order to complete the commutativity of the diagram, namely to get: 

Ct/(x, a, Dj) + Qa;(x, a, 6) a, 0)) 

as was required. But now considering instead the inverse diffeomorphisme 
changes nothing to the reasonings, hence we have at the same time a right- 
inverse: 

{x, a, b) ^ {x'{x, Q{x, a, &)), a, &) (.t, a, b) 



2: -jet 



X -jet 



a; -jet 



(x, Q{x,a,b), Qx{x,a,b)) — {x' , Q'{x',a,b), Q'-^,{x' ,a,b)) (a;, Q{x,a,b), Q{x,a. 

of our commutative diagram, so that the x-jet map and the x'-jet map have coin- 
ciding ranks at pairs of points which correspond one to another. □ 

We are now in a position to generalize the characterization of sphericality 
derived earlier on p. |9l 

Proposition. A second-order ordinary differential equation yxx{x) = 
F{x,y{x),yx{x)) with K-analytic right-hand side is equivalent, under some 
invertible local K-analytic point transformation {x,y) i— )■ {x',y'), to the free 
particle Newtonian equation y^./^/(x') = if and only if its associated submani- 
fold of solutions y = Q{x, a, b) is equivalent, under some local K-analytic map 
in which variables are separated from parameters: 

{x,y,a,b) I — > {x'{x,y), y'{x,y), a'{a,b), b'{a,b)) 

to the affine submanifold of solutions of equation y' = b' + x'a'. 

Before proceeding to the proof, let us observe that when one looks at a real an- 
alytic hypersurface M C C^, the corresponding transformation in the parameter 
space is constrained to be the conjugate transformation of the local biholomor- 
phism: 

(zjW, l.tv) I — )■ (^z'{z,w), w'{z,w), z'{z,w), w'{z,w)), 

while one has more freedom for general differential equations, in the sense that 
transformations of variables and transformations of parameters are entirely de- 
coupled. 

Proof. One direction is clear: ify = Q{x, a, b) is equivalent to: 

(9) y' = b' + x'a' = b'{a, b) + x'a {a, b), 

then its associated differential equation yxx{x) = F(^x,y{x), yx{x)) is equiva- 
lent, through the same diffeomorphism (x, y) i— )■ (x', y') of the variables, to the 
differential equation associated with which trivially is: y'^/^/ix') = 0. 

Conversely, if yxx{x) = F(x,y(x), yx{x)) is equivalent, through a diffeo- 
morphism (x,|/) {x',y'), to y'x'x'i^') = 0' then its submanifold of solutions 
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y = Q{x,a,b) is transformed to y' = Q'{x',a,b) and since = 0, the 

function Q' is necessarily of the form: 

y' = b\a, b) + x' a {a, b). 

Because the condition of solvability with respect to the parameters is invariant, 
the rank of (a, b) H- (a'(a, 6), b'{a, b)) is again equal to 2, which concludes the 
proof. □ 

Coming now back to the wanted characterization of sphericality, our more 
general goal now amounts to characterize, directly in terms of its fundamental 
solution function Q{x, a, b), the local equivalence to y'^i^i{x') = of a second- 
order ordinary differential equation ^/^.^.(a;) = y{x)^ yx{x)). Afterwards at 
the end, it will suffice to replace Q{x, a, b) simply by Q{z, z, w) in the obtained 
equations. 

But before going further, let us explain how a certain generalized projective 
duality will simplify our task, as already said in the Introduction. Thus, let {S): 
yxx{x) = F(^x,y{x),yx{x)) be a differential equation as above having general 
solution?/ = Q{x, a, b) = —b+xa+0{x'^), with initial conditions b = — y(0) and 
a = yx{0)- The implicit function theorem enables us to solve b in the equation 
y = Q{x, a, b) of the associated submanifold of solutions ^(^) in terms of the 
other quantities, which yields an equation of the shape: 

b = Q*{a, X, y) = —y + ax + 0{x^), 

for some new local K-analytic function Q* = Q*{a,x,y). Then similarly as 
previously, we may eliminate x and y from the two equations: 

b{a) = Q*{a, X, y) = —y + ax + 0{x'^) 

baia) = Ql{a, x,y) =x + ©(x^), 

that is to say: x = X (^a,b{a),ba{a)) and y = Y(^a,b{a),ba{a)), and we then 
insert these two solutions in: 

baa{a) = Q*aaia,X,y) 

= Q*aa{0'^ X{a,b{a),ba{a)), F(a, 6(a), 6a(a))) 
=: F*{a, b{a), 6,(a)). 

We shall call the so obtained second-order ordinary differential equation the dual 
ofyxxix) = F(x,y{x),yx{x)). 

In the case of a hypersurface M C C^, solving w in the equation w = 
Q{z,z,W) gives nothing else but the conjugate equation w = Q{z, z, w), just 
by virtue of the reality identities ©. It also follows rather trivially that the dual 
differential equation: 

uJ^{z) = Qzz{z, C{z,w{z),w^{z)), '^{z,w{z),w^{z))) 
= ^{z,w(z),Wy{z)) 
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is also just the conjugate differential equation. 

To the differential equation y^x = F and to its dual baa = F* are associated 
two submanifolds of solutions: 

^ = ^(g) := {[x , y , a, b) e K X K X K X K: y = Q{x, a, b)}, 

together with: 

^* = := {(a,6, e IK X K X K X K: b = Q*{a,x,y)}, 

and as one obviously guesses, the duality, when viewed within submanifolds of 
solutions, just amounts to permute variables and parameters: 

^ 3 (x, y, a, b) < — > (a, b, x, y) G ^* . 

In the CR case, if we denote by z and w two independent complex variables 
which correspond to the complexifications of 'z and w (respectively of course), 
the duality takes place between the so-called extrinsic complexiGcation ( lfT4l[T5l 

^ = M" := {{z,w,z,w) gCxCxCxC: w = e{z,z,w)} 
of M in one hand, and in the other hand, its own transformatior0: 

^* = *^(Ar) ■= {{z,w,z,w) eCxCxCxC: w = e{z,z,w)} 
under the involution: 

*'^[z,w,'z,w) := (J,w,z,w) 
which clearly is the complexification of the natural antiholomorphic involution: 

*(^z,w,z,w) := (z,W,z,w) 

that fixes M pointwise, as it fixes any other real analytic subset of C^. Here, one 
has ^* = *{^) — which is ^ M in general — and of course also (^*)* = 

So in terms of the coordinates (x, a, 6) on ^ and of the coordinates (a, x, y) 
on the duality is the map: 

(x, a, 6) I — )■ (a, X, Q{x,a,b)^ 

with inverse: 

{a,x,y) I — > {x,a,Q*{a,x,y)). 

But we may also express the duality from the first jet {x,y, ?/^) -space to the first 
jet (a, 6, 6a) -space by simply composing the following three maps, the central 
one being the duality ^ — )■ 

I \ o ({x,a,b) ^ {a,x,Q{x,a,b)) ] o \ t 

{a,Q*{a,x,y),Ql{a,x,y)) J ^ ^ \ ix,y,yx) 

' Be careful not to write { (2;, w, z, w) : w = 8 (z, z, w) }, because this would regive the 
same subset ^ of x C^, due to the reality identities (HJ. 
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which in sum gives us the map: 

/ „ , X , . f A{x,y,y^), Q*{A{x,y,y^),x,Q{x,A{x,y,y^),B{x,y,y^))), 

[x, y, y,) ^ 1^ Q:{A{x, y, y,),x, Q{x, A^x, y, y.),B{x, y, y,))) 

With the approximations, one checks that: 

{x,y,y^) \ — > {yx^ , -y + xy^^ , x H ) , 

where the remainder terms "H — ■ " are all O(x^). For the differential equation 
yxx{x) = of affine lines, these remainders disappear completely and we re- 
cover the classical projective duality written in inhomogeneous coordinates (O, 
pp. 156-157). Furthermore, one shows {see e.g. [I5l|) that the above duality map 
within first order jet spaces is a contact transformation, namely through it, the 
puUback of the standard contact form db — bada in the target space is a nonzero 
multiple of the standard contact form dy — yxdx in the source space. 

But what matters more for us is the following. The two fundamental differen- 
tial invariants of baa{o) = F* (a, 6(a), 6a(a)) are functions exactly similar to the 
ones written on p.[l2l namely: 

|1 . TP* 

^babababa 

■= D*D*(F,:,J -F,:D*(F,:,J -4D*(F4J + 

where D* := da + badh + F*{a, b, ba) db^. Then according to Koppisch ( [[TOll ). 
through the duality map, 1^^^ is transformed to a nonzero multiple of 1^^,^, and 

simultaneously also, 1^^^ is transformed to a nonzero mu ItipleHof i;^,), so that: 

Consequently, the differential equation (S'): yxx{x) = F(^x,y{x),yx{x)^ is 
equivalent to y'^f^,{x') = if and only if: 



Fy.y.y.y. - and FLbababa - ^ 



This observation has essentially no practical interest, because the computation of 
F* in terms of F relies upon the composition of three maps . . . except notably 
in the CR case, since the duality in this case is complex conjugation: $* = $. In 
summary, we have established the following. 

Proposition. An arbitrary, not necessarily rigid, real analytic hypersurface 
M C which is Levi nondegenerate at one of its points p and has a complex 
definining equation of the form: 

6(2;, 2, w) 



w 



10 

To be precise, both factors of multiplicity (|5], p. 165) are nonvanishing in a neighborood 
of the origin, but for our purposes, it suffices just that they are not identically zero power series. 
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in some system of local holomorphic coordinates {z,w) G centered at p, 
is spherical at p if and only if the right-hand side $ of its uniquely associated 
second-order ordinary complex differential equation: 

satisfies the single fourth-order partial differential equation: 

It now only remains to re-express this fourth-order partial differential equation 
in terms of the complex graphing function 6(2;, 1, w) for M. We will achieve this 
more generally for Fy^y^y^y^. 



§4. Effective differential characterization 
OF sphericality in 

Reminding the reasonings and notations introduced in a neighborhood of 
equation the transformation: 

(x, y, y.j) I — > (x, a, h) 

and its inverse are given by the two triples of functions: 



X = X 

a = A{x,y,y:,) 
b = B{x,y,yx) 



and 



X = X 

y = Q{x,a,b) 
Vx = Qxix,a,b). 



Equivalently, one has the two pairs of identically satisfied equations: 



a = A(^x, Q{x, a, b), Qx{x, a, b)) 
b = B[x, Q{x, a, b), Qxix, a, b)) 



and 



y = Q{x, A{x, y, y^), B{x, y, y^)) 
Vx = Qx{x, A{x,y,yx), B{x,y,yx)). 



Differentiating the second column of equations with respect to x, to y and to yx 
yields: 



= Qx + Qa Ax + QbBx = Q, 

1 = QaAy + QbBy = 
= Qa Ay^ + Qb By^ 1 = 



Qxa Ax + Qxb Bx 
Qxa -^y ~l~ Qxb By 
Qxa Ay^-\- Qxb By^ . 



Then thanks to a straightforward application of the rule of Cramer for 2x2 linear 
systems, we derive six useful formulas. 

Lemma. ( EOll . p. 9) All the six first order derivatives Ax, Ay, Ay^, Bx, By, By^ 
of the two functions A and B with respect to their three arguments (x, y, yx) may 
be expressed as follows in terms of the second jet J'^{Q) of the defining function 
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Q: 

. Qb Qxx Qx Qxb jj Qx Qxa Qa Q 

Ax = — — — — , -D', 



Qa Qxb Qb Qxa Qa Qxb Qb Q 

A Qxb T-y Qxa 



XX 



Qa Qxb Qb Qxa Qa Qxb Qb Qi 



A - ^ Qa 



Qa Qxb Qb Qxa Qa Qxb Qb Qxa 

For future abbreviation, we shall denote the single appearing denominator — 
which evidently is the common determinant of all the three 2x2 linear systems 
involved above — simply by a square symbol: 

A := QaQxb — QbQxa- 

The two-ways transfer between functions G defined in the (x, y, y.j.)-space and 
functions T defined in the (x, a, 6)-space, namely the one-to-one correspon- 
dence: 

G{x, y, y^) i — > T{x, a, b) 
may be read very concretely as the following two equivalent identities: 

G{x, y, y^) = T{x, A{x, y, y^), B{x, y, y^)) 
G{x, Q{x, a, b), Qx{x, a, b)) = T{x, a, b), 

holding in ]K{a;, y,yx} and in K{x, a, b} respectively. By differentiating the first 
identity, the chain rule shows how the three first-order derivation operators (basic 
vector fields) d^, dy and dy^ living in the (x, y, yx)-space are transformed into the 
{x, a, 6)-space: 



3 f Ql) Qxx Qx Qxb \ ^ , f Qx Qxa Qa Q: 



Cxx 



dx dx \ A J da \ A J db 

d ( Qxb\ d f -Qxa\ d 



dy \ A J da \ A J db 

d f -Qb\ d ^ f Qa\ d 



dijx \ A ) da \ A ) db 

Lemma. The total differentiation operator D = dx + yx dy + F dy^ associated 
to yxx = F{x,y,yx) simply transfers to the basic derivation operator along the 
x-direction: 

D i — > dx- 

Proof. Reading the three formulas just preceding, by adding the first one to the 
second one multiplied by yx = Qx together with the third one multiplied by 
F = Qxx, one visibly sees that the coefficients of both ^ and do vanish in 
the obtained sum, as announced. □ 
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Keeping in mind — so as to avoid any confusion — that the same letter x is 
used to denote simultaneously the independent variable of the differential equa- 
tion = F{x, y, Ux) and the non-parameter variable of the associated sub- 
manifold of solutions y = Q{x, a, b), we may now write this two-ways transfer 
D i — y dx exactly as we did in the above three equations, namely simply as an 
equality between two derivations living in the (x, y, yx)-space and in the {x, a, b)- 
space: 

D = dx. 



Lemma. With G = G{x, y, yx) being any local K-analytic function in the 
{x, y, yx)-space, the three second-order derivatives Gy^y^, Gyy^ and Gyy express 
as follows in terms of the second-order jet Jx abi'^) of the defining function T: 



G 



QbQb rp _ '^Qa Qb rp 

aa * 9 ab 



A2 
A3 
A3 



Qa Qa 
Qa Qa 



A2 

Qb Qbb 
Q xb Qxbb 

Qa Qbb 
Qxa Qxbb 



Tbb+ 



A2 

2QaQb 



Wb 

Qxb 



+ 2QaQb 



Qab 
Qxab 

Qa Qab 
Qxa Qxab 



Qb Qb 

' Qb Qb 



^b 

Qxb 



Qxaa 

Qa Q aa 
Qxa Qxac 



Qb Qx 

A2 
Ta_ 
' A3 



■T„, 



?.t6 Qh Qxa rp Qa Qxa rp 

A~9 ^ ab ^ T~5 J-bb^ 



- QaQ 1 



^b ^bb 
Qxb Qxbb 



A2 

{Qa Qxb + QbQ 1 



^6 

^ ( Qa Qxa 



Qa Qbb 
Qxa Qxbb 



(^Qa Qxb ^" Qb Qxa) 



Qb Qab 
Qxb Qxab 

Qa Qab 
Qxa Qxab 



Qb Qxb 
Qb Qxb 



Qb Qaa 
Qxb Qxac 

Qa Q. 
Qxa Q 



; aa 
Cxaa 



G 



yy 



Qxb Qxb rp ^ Qxa Qxb rp Qxa Qxa rp 

' aa ^ T~9 ^ ab \ T~9 bb~ 



A2 

Ta_ 
A3 

n 

A3 



Qxa Qxa 
" Qxa Qxa 



A2 

Qb Qbb 
Qxb Qxbb 

Qa Qbb 
Qxa Qxbb 



A2 

2 Qxa Qxb 

2 Qxa Qx 



Qb Qab 
Qxb Qxab 

Qa Qab 
Qxa Qxab 



Qxb Qxb 

Qxb Qxb 



Qxb Qxaa 

Qa Q 

Qxa Qx 



aa 
aa 



Proof. We apply the operator wiewed in the (x, a, 6)-space, to the first order 
derivative Gy^, namely we consider: 
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and we then expand carefully the result by collecting somewhat in advance the 
obtained terms with respect to the derivatives of T: 



Qb d Qa d 
A da A db 



Qb rp I Qa rji 



Qb Qab Qb Qfc Aa \ Qb Qb rp 



A A A A2 ; " ' A A 

Qb Qaa Qb Qa Aq \ Qfc Qa „ 

a:^"^ at^^J a: A" 

Qa Qbb , Qa Qb^b\rTi Qa Qb rr, , 
J a 1 T- J-ab^ 



A A A A2 y^" A A 

Qa Qab Qa Qa Ab \^ ^ Qg Qa^ 

A A ~ A A2 ^1^"+ A A 

The terms involving Taa, Tab, Tbb are exactly the ones exhibited by the lemma for 
the expression of Gy^y^. In the four large parentheses which are coefficients of 
Ta, Tb, Ta, Tb, we replace the occurences of A^, A^, A^, Af, simply by: 



xaa 



Aq Qxb Qaa ~l~ Qa Qxab Qxa Qab Qb Q 
^b = Qxb Qab + Qa Qxbb — Qxa Qbb — Qb Qxab-, 

and the total sum of terms coefficiented by Ta in our expression now becomes: 

\ Qb Qab \Qa Qxb Qb Qxa\ Qb Qb \_Qxb Qaa ^" Qa Qxab Qxa Qab Qb Qxaa\ 

— Qa Qbb [Qa Qxb — Qb Qxa\ + Qa Qb \Qxb Qab H" Qa Qxbb Qxa Qbb — Qb Qx ab 
( 

= \Qa Qb Qxb Qab — Qb Qb Qxa Qab ^— Qb Qb Qxb Qaa ~ Qa Qb Qb Qxab + 

Qb Qb Qxa Qab/r\ + Qb Qb Qb Q xaa 
Qa Qa Qxb Qbb H" Qa Qb Qxa Qbb fpf-^'^ Qa Qb Qxb Qab Qa Qa Qb Qxbb~ 

Qa Qb Qxa Qbb fj^ Qa Qb Qb Qxab 

= [Qa Qa [Qb Qxbb — Qxb Qbb] — 2QaQb [Qb Qxab — Qxb Qab] + 

^" Qb Qb [Qb Qxaa Q xb Qaa 

SO that we now have effectively reconstituted the three 2x2 determinants appear- 
ing in the second line of the expression claimed by the lemma for the transfer of 
^VxVx to the (x, a, 6)-space. The treatment of the coefficient of ^ makes only a 
few differences, hence will be skipped here (but not in the manuscript). Finally, 
the two remaining expressions for Gyy^ and for Gyy are obtained by performing 
entirely analogous algebrico-differential computations. □ 

End of the proof of the Main Theorem. Applying the above formula for Gy^y^ 
with X := z, with a := z, with b ■.= w, with A := Qz^zw — ^w^zz, with G := $ 
and with T := Qzz, we exactly get the expression AJ^(6) of the Introduction, 
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and then its further derivative dy^dy^ [Gy^y^] = Gy^y^y^y^ is exactly: 



|6 



Ar(e) 



As we have said, the vanishing of the second invariant of Wzziz) = 
^[z,w{z),Wz{z)) amounts to the complex conjugation of the above equa- 
tion, which is then obviously redundant. Thus, the proof of the Main Theorem 
is now complete, but we will nevertheless discuss in a specific final section what 
AJ^ (9) would look like in purely expanded form. □ 



§5. Some complete expansions: 
examples of expression swellings 

Coming back to the non-CR context with the submanifold of solutions ^(#) = 
{y = Qi^i b)}, let us therefore figure out how to expand the expression dif- 
ferentiated twice: 



Gy 



Qb d Qa d 
A da A db 



bQb rp _'2QaQbrp , 

aa . Q ab T 



A' 



+ 



+ 



A3 

Tb_ 

A3 



Qb 


Qbb 


-2Q, 




Qb 


Qab 


+ Qb Qb 


Qb 


Qaa 








I Qb 




Qxb 




) 


Qxb 


Qxbb 






Qxb 


Q xab 




Qxaa 





Qa 


Qbb 


+ 2Q, 




Qa 


Qab 




Qa Qaa 








Qb 






— Qb Qb 


)} 


Qxa 


Qxbb 






Qxa 


Qxab 




Qxa Qxaa 





which would make the Main Theorem a bit more precise and explicit. 

First of all, we notice that, in the formulas for Gy^y^, for Gyy^, for Gyy, all the 
appearing 2x2 determinants happen to be modifications of the basic Jacobian- 
like A -determinant: 



A{a\b) := A 



Qa Qb 
Qxa Qxb 



and we will denote them accordingly by employing the following (formally and 
intuitively clear) notations: 



A{b\bb) := 
A{a\bb) :-- 



Qb Qbb 

Qxb Qxbb 

Qa Qbb 

Qxa Qxbb 



A{b\ab) := 
A{a\ab) := 



Qb Qab 
Qxb Qxab 

Qab 
Qxab 



'Ca 
}xa 



A{b\aa) r- 
A(a\aa) 



Qb 

Qxb 



Q 



a 

xa 



the bottom line always coinciding with the differentiation with respect to x of 
the top line. These abbreviations will be very appropriate for the next explicit 
computation, so let us rewrite the formula for Gy^y^ using this newly introduced 
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formalism: 

Gy^y, = -^^^^Taa[QbQbHa\h)\ +Tab[ - 2QaQb^{a\h)\ +nb[QaQa ^{a\h)\ + 

+ Ta [Qa Qa ^{h\hh) -2QaQb A(6|a6) + Qk Qt A{b\aa)] + 

+ Tb[- Qa Qa A{a\bb) + 2QaQb A{a\ab) - Qt Qb A{a\aa)] 

Then the twelve partial derivatives with respect to a and with respect to b of all 
the six determinants A ( * | * ) appearing in the the second line are easy to write 
down: 



d_ 
db 



[A{b\bb)] = A{bb\bb)+ A{b\bbb) ^ [A(6|66)] = A{ab\bb) + A{b\abb) 



^[A(6|a6)] = A{bb\ab) + A{b\abb) ^[A{b\ab)] = A{ab\ab)+ A{b\aab) 

^ [A{b\aa)] = A{bb\aa) + A(6|oo6) £ [A{b\aa)] = A{ab\aa) + A{b\aaa) 

§;[A{a\bb)] = A{ab\bb) + A{a\bbb) £[A{a\bb)] = A{aa\bb) + A{a\abb) 

^ [A{a\ab)] = A{ab\ab)+ A{a\abb) ^ [A(a|a6)] = A{aa\ab) + A{a\aab) 

^ [A(a|aa)] = A(a6|aa) + A(a|aa6) ^ [A(a|aa)] = A(aa|aa) + A(a|aaa) , 

and the underlined terms vanish for the trivial reason that any 2x2 determinant, 
two columns of which coincide, vanishes. Consequently, we may now endeavour 
the computation of the third order derivative: 

^y.y.y. A da A db) ^^^^^^^ ' 

When applying the two derivations in parentheses to: 

Gy.y. = is {expression} 

we start out by differentiating multiplied by expression, and then we differen- 
tiate expression. Before any contraction, the full expansion of: 

A 5 ^ — 

" ^yxyxyx 

(we indeed clear out the denominator A^) is then: 

= Taa [3QbQbQbMo-\b)A{aa\b) + 3QtQtQb^{a\b)A{a\ab) ~ 3QaQbQt^ia\b)A{ab\b) ~ 3QaQbQb^ia\b)A{a\bb)] + 
+ Tab [ ~ 6QaQbQbMa\b)A{aa\b) - 6QaQbQb^{a\b)A{a\ab) + 6QaQaQb^{a.\b)A{ab\a) + 6QaQaQb^{a\b)A{a\bb)] + 
+ Tbb [3QaQaQbMa\b)A{aa\b) + 3QaQaQb^{a\b)A{a\ab) - 3QaQaQaA{a\b)A{ab\b) - 3QaQaQaA(a\b)A(a\bb)] + 

+Ta [3QaQaQb^{b\bb)A{aa\b) + 3QaQaQb^(b\bb)A{a\ab) - 3QaQaQaA(b\bb)A{ab\b) - 3QaQaQaA(b\bb)A{a\bb)- 
- 6QaQbQb^{b\ab)A{aa\b) - 6QaQbQb^{b\ab)A{a\ab) + 6QaQaQb^{b\ab)A{ab\b) + 6QaQaQb^{b\ab)A{a\bb)+ 
+ 3QbQbQbHb\aa)A{aa\b) + 3QbQbQbHb\aa)A(a\ab) - 3QaQbQbHb\aa)A{ab\b) - SQaQtQb A(6|aa) A{a|fe6)] + 

+Tb \3QaQaQbi^{o\bb)A(aa\V) + 3QaQaQbHo\bV)A(a\ab) - 3QaQaQaA(a\bb)A{ab\b) - 3QaQaQaA(a\bb)A{a\bb)- 
~ 6QaQbQbMa\cib)A{aa\b) - 6QaQbQbHa\a.b)A{a\ab) + GQaQaQt A{a|ab) A(ab|6) + 6QaQaQbHa\a.b)A{a\bb)+ 
+ 3QbQbQbMa\a-a)A{aa\b) + 3QbQbQbMa\'^a)A{a\ab) ~ 3QaQbQbHo-\aa)A{ab\b) - SQaQtQi, A(a|aa) A(a|b6)] - 

+ A{a\b)Taaa[~ QbQbQbM<l\b)] + T^^b [SQaQtQi, A (a| b)] +Tabb[~3QaQaQbH'^\b)] +Tbbb[QaQaQaA{a\b)] + 
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+A{a\b)Taa [ - 2QbQbQabMa\b) - QtQbQbMaa\b) - QbQbQbHa\ab)+ 

+ 2QaQbQb^{a\b) + QaQbQbQbMab\b) + QaQtQi, A(a|66)] + 

+A(a\b)Tab [2QbQbQaaH<i\b) + 2QaQbQabHa\b) + 2QaQbQbHaa\b) + 2QaQbQbHa\ab)~ 

- 2QaQbQab^{a\b) - 2QaQaQbbM<^\b) ~ 2QaQaQbM<^b\b) - 2Q aQ aQb^{a.\bb)] + 

+A{a\b)Tbb [ - 2QaQbQaaA{a\b) - QaQaQbMaa\b) - QaQaQb'^{a\ab)+ 

+ 2QaQaQabHa\b) + Q aQ aQ aA(ab\b) + Q aQ aQ a A{a\bh)\ + 

+A{a\b)Taa [ - QaQaQb^ib\bb) + 2QaQbQb^{b\ab) - QbQbQb'^{b\aa)] + 
+ A{a\b)Tab [QaQaQaA{b\bb) - 2Qa QaQt A(b| afe) + Q aQ bQbA{b\aa)] + 
+A{a\b)Tta [QaQaQbM<^\bb) - 2QaQbQbMa.\a.b) + QtQtQb A(a|aa)] + 

+A{a\b)Tbb [ - QaQaQaA{a\bb) + 2QaQaQbH<i\ab) - QaQbQbHiW")] + 

+ A(a\b)Ta [ - 2QaQbQaaA{b\bb) - Q aQ aQb^{ab\bb) - Q aQ aQ bMb\abb) + 

+ 2QbQbQaaA{b\ab) + 2QaQbQab^{b\ab) + 2QaQbQbA{ab\ab) + 2QaQbQbHb\aab)- 

- 2QbQbQab^{b\aa) — QbQbQb^{o.b\aa) — QbQbQb^{b\aaa)+ 

+ 2QaQaQab^{b\bb) + Q gQ gQ aA(bb\bb) + Q aQaQ aA(b\bbb)- 

- 2QaQbQab^{b\ab) - 2QaQaQbbA(b\ab) - 2QaQaQb^{bb\ab) - 2QaQaQb^{b\abb)+ 
+ 2QaQbQbbHb\aa) + QaQbQbMbb\aa) + QaQbQbHb\aab)j + 

+A{a\b)Tb [2QaQbQaaA{a\bb) + QaQaQbMa-o.\bb) + QaQaQb A(a|afe6)- 

- 2QbQbQaaA{a\ab) - 2QaQbQab^(a\ab) - 2QaQbQbA{aa\ab) ^ - 2QaQbQbH'^\aab)+ 
+ 2Q5Q(,QabA(a|aa) + QbQbQj A(aa|aa) + QbQbQb^iiWio)- 

- 2QaQaQab^{a\bb) - Q gQ gQ aA{ab\bb) - QgQgQgA{a\bbb)+ 

+ 2QgQbQgb^{a\ab) + 2Q„Q„Qb6 A{a|a6) + 2QgQgQbA(ab\ab) + 2QgQgQbA(a\abb)- 

- 2QaQbQbb^W\o-o.) — QgQbQbA{ab\aa) — QaQbQbA{a\aab)^ . 

The simplification (collecting all terms) gives: 

1 r Tggg[-QtA{a\bf]+Tggb[3QgQlAia\bf] + 

Gy^y.y. - [A(a|6)]4 + Tgbb[- 3QlQbA{a\bf] + Tbbb[QiA(a\bf] + 

+Tgg [ - 2QlQgbA{a\bf + 2QgQbQbbA{a\bf + ?,QlA{a\b)A{aa\b) + 2QlA{a\b)A{a\ab)- 
- 'iQgQlA{a\b)A[ab\b) - 2QgQlA{a\b)A[a\bb) - QlQbA(a\b)A{b\bb)^ + 

+Tgb [ - 2QlQbbA{a\bf + 2QbQbQgaA{a\bf + QlA{a\b)A{b\bb) + QQlQbA{a\b)A{ab\b) + 

+ QlA{a\b)A{a\aa) - QQgQlA{a\b)A{a\ab) + ^QlQbA{a\b)A{a\bb) - hQaQlA{a\b)A{aa 

+Tbb [ - 2QgQbQggA{a\bf + 2QlQgbA{a\bf - 3QlA{a\b)A{a\bb) - 2QlA{a\b)A{ab\b)+ 
+ 4QlQbA{a\b)A{a\ab) + 2QlQbA{a\b)A{aa\b) - QgQlA(a\b)A{a\aa)j + 
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+Ta \2,QlQi,^{aa\b)/\{b\bb) + 3QlQtA{a\ab)A{b\bb) - 3QlA{ab\b)A{b\bb) - 3QlA{a\bb)A{b\bb)- 

- 6QaQlA{aa\b)A{b\ab) - 6QaQlA{a\ab)A{b\ab) + 6QlQi,A{ab\b)A{b\ab) + 6QlQbA{a\bb)A{b\ab)- 

- 3QlA(aa\b)A{b\aa) - 3QlA(a\ab)A{b\aa) + 3QaQlA{ab\b)A(b\aa) + 3QaQlA{a\bb)A{b\aa)- 

- 2QaQtQaaA{a\b)A{b\bb) + 2QlQaaA{a\b)A{b\ab) + 2QaQtQabA(a\b)A{b\ab) - 2QlQai,A{a\b)A{b\aa)- 

- QlQiA[a\b)A[ab\bb) - QlQiA(a\b)A(b\abb) + 2QaQlA[a\b)A[b\aab) - A(a|b)A(a6|aa) - QlA[a\b)A{b\aaa)+ 
+ 2QlQabA(a\b)Aib\bb) - 2QaQbQabA(a\b)A(b\ab) - 2QlQMAia\b}Aib\ab) + 2QaQbQbbAia\b}A{b\aa)+ 

+ QlAia\b)Aib\bbb) - 2QlQtAia\b)Aibb\ab) - 2QlQtAia\b)Aib\abb) + Q aQl Aia\b) Aibb]aa) + Q„Q^ A(a|b)A(6|aa6)] + 

+n \3QlQtA{a\bb)A{aa\b) + 3QlQbA{a\bb)A{a\ab) - 3QlA{a\bb)A{ab\b) - 3QlA(a\bb)A{a\bb)- 

- 6QaQlA{a\ab)A{aa\b) - 6QaQlA{a\ab)A{a\ab) + 6QlQiA{a\ab)A{ab\b) + 6QaQaQbAia\ab)A{a\bb)+ 
+ 3QlA{a\aa)A(aa\b) + 3QlA(a\aa)A(a\ab) - 3QaQlA{a\aa)A{ab\b) - 3QaQlA{a\aa)A{a\bb)+ 

+ 2QaQbQaaA{a\b)A{a\bb) - 2QlQaaA{a\b)A{a\ab) - 2QaQbQabA{a\b)A{a\ab) + 2QlQai,A(a\b)A(a\aa)+ 

+ QlQbA(a\b)A{aa\bb) + QlQ,,A{a\b)A{a\abb) ~ 2QaQlA{a\b)A{a\aab) + QlA{a\b)A{aa\aa) + QlA{a\b)A{a\aaa)- 

- 2QlQabA{a\b)A{a\bb) + 2QaQbQabA{a\b)A{a\ab) + 2QlQtbA(a\b)A(a\ab) - 2QaQbQbbA{a\b)A{a\aa)- 

- QlA{a\b)A{a\bbb) + 2QlQtA{a\b)A{ab\ab) + 2QlQtA{a\b)A{a\abb) - QaQlA{a\b)A{ab\aa) - QaQlA{a\b)A{a\aab)j . 

The full expansion of Gy.^y^y^y^ will not be presented here. 
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